Abstract. Extending the work of Stefano Filipazzi, we prove the canonical bundle formula of Osamu Fujino and Yoshinori Gongyo for surjective morphisms in the setting of generalized polarized sub-pairs (with R-coefficients). It is then applied to obtain a subadjunction formula for generalized log canonical centers and the anti-pseudo-effectivity of the canonical divisor of a projective normal variety dominated by one with anti-nef generalized log canonical divisor. The latter generalizes a result of Meng Chen and Qi Zhang.
Introduction
Given a projective morphism f : X → Z between normal varieties, a canonical bundle formula, or adjunction, in a broad sense expresses a relationship between the canonical divisors K X and K Z . Such a formula is very useful in relating the geometry of X and Z. The canonical bundle formula per se means something more specific: it all starts with Kodaira's famous canonical bundle formula for elliptic fibrations; his formula is then generalized in the setting of birational geometry by writing a given relatively Q-linearly trivial log canonical divisor on X as the pull-back of a log canonical divisor on Z. While there are important questions left open about the canonical bundle formulas in higher dimensions, the existing knowledge about them has already lead to several significant applications; see [M87, K96, K98, Fu99, FM00, Am04, Am05, FG12, FG14, Fu18] .
With its prototype appearing in the formulation of canonical bundle formulas, the notion of generalized polarized pairs was introduced by Birkar and Zhang in [BZ16] and has since played an important role in the recent development of birational geometry. Roughly speaking, a generalized polarized pair is a pair "polarized" by a nef divisor coming from a higher birational model, and one recovers the notion of a pair in the usual sense when the polarizing nef divisor becomes zero; see Definition 2.4. Stefano Filipazzi [Fi18] proved a canonical bundle formula for relatively Q-linearly trivial generalized log canonical divisors with respect to a contraction morphism, that is, a projective surjective morphism between normal varieties f : X → Z such that f * O X = O Z .
In this note we extend Stefano Filipazzi's work by establishing a generalized canonical bundle formula for generically finite projective surjective morphisms.
Theorem 1.1 (= Theorem 3.4). Let K denote either the rational number field Q or the real number field R. Let (X/S, B + M) be a generalized polarized sub-pair over a quasi-projective scheme S such that M is a K >0 -linear combination of b-Cartier divisors which are b-nef over S. Let f : X → Z be a generically finite surjective morphism of normal varieties, projective over S, such that K X + B X + M X ∼ K,f 0. Then there is a generalized polarized sub-pair (Z/S, B f + M f ) such that
Moreover, if (X/S, B + M) is generalized lc (resp. generalized klt), then so is (Z/S, B f + M f ).
There are two ingredients in the proof of Theorem 1.1. The first ingredient is the decomposition of a relatively R-linearly trivial generalized log canonical divisors into an R >0 -linear combination of relatively Q-linearly trivial generalized log canonical divisors, thus reducing the problem to the case with Q-coefficients; see Lemma 3.1. The second ingredient is the construction of B f and M f , which resembles the proof of [FG12, Lemma 1.1]; additional work should be done to show that M f is Q-b-Cartier and b-nef.
Combined with [Fi18, Theorem 1.4] and [Fi19, Theorem 6] , Theorem 1.1 implies the following generalized canonical bundle formula for surjective morphism of normal varieties. Corollary 1.2. Let K be either the rational number field Q or the real number field R. Let (X/S, B + M) be a generalized polarized sub-pair over a quasi-projective scheme S such that M is an K ≥0 -linear combination of b-nef/S b-Cartier divisors. Let f : X → Z be a surjective morphism of normal varieties, projective over S, such that (X/S, B + M) is generalized log canonical over the generic point of Z and
A major application of canonical bundle formulas is to establish subadjunction formulas for generalized lc centers of codimension larger than one. The subadjunction is proved in [Fi18, Theorems 1.5 and 6.7] when the generalized lc center is exceptional or when the underlying variety of the generalized polarized pair is Q-factorial klt. In Section 4 we apply Corollary 1.2 to obtain a subadjunction formula for general generalized lc centers; we also prove the main result of [CZ13] in the setting of generalized log canonical pairs.
Notation and Convention. We work throughout over the complex number field C. In particular, a scheme means a scheme over C. For a set A of real numbers, we use A >0 to denote the subset {a ∈ A | a > 0}.
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2. Preliminary 2.1. Divisors. First we fix some notation and convention about divisors.
• On a normal variety X, an R-divisor (resp. a Q-divisor) is a finite formal • We use ∼ Q (resp. ∼ R ) to denote the Q-linear equivalence (resp. R-linear equivalence) of two divisors. For a projective morphism f : X → Z, we use ∼ Q,f or ∼ Q,Z to denote the relative Q-linear equivalence with respect to f . The notations ∼ R,f and ∼ R,Z are similarly defined. We use "nef/Z" to say that a divisor is relatively nef over Z. Definition 2.4. Let S be a scheme. A generalized polarized pair (resp. generalized polarized subpair ) over S is a projective morphism π : X → S from a normal variety X, together with two R-b-divisors B and M on X such that (i) the trace B X is a boundary (resp. subboundary) divisor, (ii) M is b-nef over S, and (iii) K + B + M descends to X, where K is a canonical b-divisor of X. We denote the generalized polarized pair by (X/S, B + M); if S is a point then we drop S from the notation.
Let (X/S, B + M) be a generalized polarized subpair. For a divisor E on a higher model X ′ of X, one defines its discrepancy
Then (X/S, B + M) is said to be generalized sub-log canonical (resp. generalized sub-klt) if a E (X/S, B + M) ≥ −1 (resp. a E (X/S, B + M) > −1) for any divisor E over X. We omit the prefix "sub" everywhere if B X is effective; log canonical is often abbreviated by lc, as usual. If there is a divisor E over X with a E (X/S, B + M) ≤ −1 (resp. a E (X/S, B + M) < −1) then its image in X is called a generalized non-klt center (resp. generalized non-lc center ). A generalized non-klt center that is not a generalized non-lc center is called a generalized lc center. The union of all the generalized nonklt centers (resp. generalized non-lc centers), denoted by Nklt(X/S, B + M) (resp. Nlc(X/S, B + M)), is called the generalized non-klt locus (resp. generalized non-lc locus) of (X/S, B + M).
Remark 2.5. (a) Let ρ :X → X be a log resolution such that M descends toX and Supp(BX ) is a simple normal crossing divisor. Then it is enough to look at the coefficients of BX , in order to determine the generalized non-klt (resp. generalized non-lc) locus of (X/S, B + M). In particular, the non-klt (resp. non-lc) locus is a Zariski closed subset of X; see [Fu17, Lemma 2.3.20].
(b) Our definition of generalized non-klt (resp. generalized non-lc) locus is set-theoretic, without taking possible non-reduced scheme structures into account; compare [Fu17, 2.3.11].
2.3. Shokurov type polytopes. In this subsection, we study Shokurov type polytopes of generalized log canonical pairs. It is of independent interest and will be used in the proof of Theorem 4.2. The treatment runs along the same line as in [HL18b, Proposition 2.9] which in turn follows the arguments of [Bi11, Propostion 3.2].
Let (X/S, B + M) be a generalized lc pair over a scheme S such that X is Q-factorial and M = j µ j M j where µ j > 0 and M j are b-Cartier b-nef/S b-divisors. Let B X,i be the distinct irreducible components of B X .
Consider the subset V of (DivX) R j RM j consisting of (∆, N) such that ∆ X lies in i RB X,i ⊂ (DivX) R and K + ∆ + N descends on X. Here we abuse notation to denote the image of N under the natural map j RM j → (DivX) R by the same letter. There is a bijection between V and the finite dimensional vector space ( N) ; we treat V as a vector space via this bijection. Now define a norm || · || on V as follows: for an element (∆, N) ∈ V such that ∆ X = i x i B X,i and N = j y j M j , set
The first observation is that A curve Γ on X is called extremal if it generates an extremal ray R of NE(X/S) which defines a contraction morphism X → Z over S and if for some (equivalently, any) ample divisor H, we have H · Γ = min{H · C}, where C ranges over curves generating R.
Lemma 2.6. Let (X/S, B + M) be a generalized lc pair over S such that X is a Q-factorial klt variety and M is a R >0 -linear combination of b-Cartier divisors which are b-nef over S. Then there exists a real number δ > 0,
Proof. We show first that (K X + B X + M X ) · Γ < −α for some fixed number α > 0, not depending on Γ. Since L is a rational polytope there exist elements (∆ 1 , N 1 ), . . . , (∆ r , N r ) with rational coefficients in L and real numbers c k (1 ≤ k ≤ r) such that c k = 1 and
Let R be the extremal ray generated by Γ. For each 1 ≤ k ≤ r, by the bound on the length of extremal rays [HL18a, Proposition 3.13], there is a curve
Since both Γ and C k generate R, we have
Thus, for any 1 ≤ k 0 ≤ r,
and hence for (K X +B X +M X )·Γ. It follows also that there is some α > 0, which depends only on (X/S, B + M), such that (
, and let δ = (αd)/(2 dim X). Suppose on the contrary that (
which contradicts the bound on the length of extremal rays [HL18a, Proposition 3.13].
Proposition 2.7. Let (X/S, B + M) be a generalized lc pair over S such that X is a Q-factorial klt variety and M is a R >0 -linear combination of bCartier divisors which are b-nef over S. Let {R t } t∈T be a family of extremal rays of NE(X/S). Then the following Shokurov type polytope in terms of generalized anti-log canonical divisors
is a rational polytope. In particular, suppose that −(K X + B X + M X ) is nef over S, then there exist finitely many generalized lc pairs (X/S,
Cartier for each k and nef over S, and
Proof of Proposition 2.7. The proof proceeds by induction on the dimension of L. If dim L = 0, it is trivial. Suppose that dim L > 0 and the proposition holds in dimension less than dim L. By dropping those t such that AN {t} = L, we may assume that for each t ∈ T , there is some ∆ + N ∈ L such that
Suppose that the set
is nonempty. Then
and it belongs to a proper face L 0 of L. It follows that AN T , a subset of AN T 0 , also belongs to L 0 . By the induction, AN T is a rational polytope.
In the following we assume that T 0 = ∅, so for every t ∈ T there is some (∆, N) ∈ L such that (K X + ∆ X + N X ) · R t < 0. By [HL18a, Proposition 3.13], there is an extremal curve Γ t generating R t .
Suppose that AN T is unbounded. We may assume that y 1 is unbounded. Since M 1,X is nef over S, f * M 1,X = M 1,X + E 1 for some effective divisor E 1 ≥ 0, exceptional over X, where f :X → X is a higher model where the M j 's descend. Since y 1 is unbounded, f * M 1,X = M 1,X and thus M 1,X is nef over S. Moreover, M 1,X · R t = 0 for any t ∈ T . Replacing M = µ j M j by j≥2 µ j M j and repeating the above argument, we may assume that AN T is bounded and hence compact. Now Lemma 2.6 implies that there are rational points (∆ 1 , N 1 ), . . . , (∆ n , N n ) in AN T , and δ 1 , . . . , δ n > 0 such that the following holds.
(1) AN T is covered by
(3) T = k T k by the assumption made at the beginning, so
(4) (K X + ∆ k,X + N k,X ) · Γ t = 0 for any t ∈ T k . We only need to prove that AN T k is a rational polytope. Replacing T with T k , we may assume that there exists a rational point (∆, N) ∈ AN T such that (K X + ∆ X + N X ) · Γ t = 0 for any t ∈ T . Let L 1 , . . . , L p be the faces of L of codimension 1. By the induction, AN T ∩ L l is a rational polytope. Since (K X + ∆ X + N X ) · Γ t = 0 for any t ∈ T , one sees easily that AN T is the convex hull of (∆, N) and all the AN T ∩ L l , 1 ≤ l ≤ p. We are done by the induction.
The generalized canonical bundle formula
In this section we first prove a lemma decomposing relatively trivial generalized log canonical divisors with R-coefficients as the sum of those with Q-coefficients; this allows us to consider only generalized polarized subpairs with Q-coefficients. The basic idea has been explained in [GK91, 2.11] and [Ko13, Proposition 2.21]; our proof follows closely that of [Fu18, Lemma 11.1].
Lemma 3.1. Let (X/S, B + M) be a generalized polarized sub-pair over a scheme S such that M is an R >0 -linear combination of b-Cartier b-nef/S divisors. Let f : X → Z be a projective surjective morphism between normal varieties over S such that
Then for any given ǫ > 0 there are finitely many positive real numbers c α satisfying α c α = 1 and generalized polarized sub-pairs (X/S, B α + N α ) with Q-coefficients such that K + B + M = α c α (K + B α + N α ), and for each α the following holds.
(1) K X + B α,X + N α,X ∼ Q,f 0, (2) |mult D (B α,X − B X )| is at most ǫ for any prime divisor D on X, and is zero if mult D (B X ) is rational, (3) B α,X is effective if B X is so, and (4) there are equalities between the generalized non-lc loci and the generalized non-klt loci,
In particular, if (X/S, B + M) is generalized lc (resp. generalized klt), then so is (X/S, B α + N α ).
Proof. By assumption we have M = 1≤j≤r µ j M j where µ j ∈ R >0 and M j are b-Cartier b-divisors that are b-nef over S. Let ρ :X → X be a log resolution such that the b-divisors M j all descend toX, so the traces satisfy MX = j µ j M j,X with M j,X Cartier and nef/S.
Since
Then we can write
where a l ∈ R and ϕ l are rational functions onX. Write BX = 1≤i≤u b i B i where the B i are distinct irreducible components. We may assume that b i ∈ R \ Q for 1 ≤ i ≤ q and b i ∈ Q for i ≥ q + 1. Now consider the following linear map
We note that Φ is defined over Q, and thus
, is a nonempty affine space defined over Q. Therefore, there exist P 1 , . . . , P n ∈ A ∩ Q m+p+q+r and c 1 , . . . , c n ∈ R >0 such that 1≤α≤n c α = 1 and 1≤α≤n c α P α = P.
We can choose the P α sufficiently close to P , and obtain the corresponding generalized polarized pairs (X, B α + N α ) with Q-coefficients such that We need a simultaneous partial resolution of a generically finite morphism. (1) The morphisms ν and µ are birational andf is finite, and (2)X andZ have at most quotient singularities.
Proof. First suppose that X and Z are both complete. Since f : X → Z is generically finite, we have a finite extension of function fields C(X)/C(Z). .1], we can find a G-equivariant resolutionỸ → Y such that the rational map fromỸ to X induced by function field extensions C(Y )/C(X) is a morphism. Let H = Gal(C(Y )/C(X)) be the Galois group. Now we simply takeX =Ỹ /H andZ =Ỹ /G, and let f :X →Z be the natural finite morphism.
In general, when Z is not necessarily complete, we can fit the morphism f : X → Z into the following commutative diagram
where ι and i are open embeddings into complete normal varieties, and apply the previous arguments to obtaiñ
satisfying the requirements of the lemma. Now restricting to the inverse images of Z gives us the commutative diagram we want.
Remark 3.3. By the universal property of fibre products, one sees thatX is isomorphic to the normalization of the main component of X × ZZ .
Theorem 3.4. Let (X/S, B + M) be a generalized polarized sub-pair over a quasi-projective scheme S such that M is an K ≥0 -linear combination of b-nef/S b-Cartier divisors, where K is either the rational number field Q or the real number field R. Let f : X → Z be a generically finite projective surjective morphism between normal varieties, projective over S, such that
Then there is a generalized polarized sub-pair (Z/S, B f + M f ) such that
if (X/S, B + M) is a generalized lc (resp. generalized klt), then so is (Z/S, B f + M f ), and (3) if M is b-semiample over S, then so is M f .
Proof. By Lemma 3.1, we only need to consider the case K = Q.
We define the Q-b-divisors B f and M f by specifying the traces on the higher models of Z as follows: for any birational morphism µ : Z ′ → Z, consider the following commutative diagram
where X ′ is normalization of the main component of X × Z Z ′ . Define
where R is the closure of ramification divisor of f ′ restricted over the Gorenstein locus of Z ′ .
Let ν :X → X be a higher model, to which M descends. By Lemma 3.2, up to replacingX by an even higher model, we can construct the following commutative diagram (i)μ is a resolution of singularities ofZ.
(ii) There exists an open set U ⊂Z such thatμ is isomorphic over U andf isétale over U . Moreover,μ −1 (Z − U ) has a simple normal crossing support andZ − U containsf * BX . After some computation as in the proof of [FG12, Lemma 1.1], one sees that the coefficients of the divisor BẐ is at most 1 (resp. strictly less 1) if (X/S, B + M) is generalized lc (resp. generalized klt). Moreover, by the definition of B f given in (1), one sees immediately that the trace B f,Z is effective. In conclusion, (Z/S, B f + M f ) is generalized lc (resp. generalized klt) if (X/S, B + M) is so.
If M is b-semiample, the divisor MX is semiample. It follows that M f,Z = (1/ degf * )f * MX is also semiample becausef is a finite morphism. Proof of Corollary 1.2. By Lemma 3.1, we only need to consider the case 4. Applications 4.1. Subadjunction. A subadjunction formula for generalized log canonical pairs is proved in [Fi18, Theorems 1.5 and 6.7] when the generalized lc center is exceptional or when the underlying variety is Q-factorial klt and the generalized lc center is projective. It is based on the fact that the morphism from the unique divisor with discrepancy −1 over an exceptional generalized lc center is a contraction. Using Corollary 1.1 we obtain a subadjunction formula with some of the assumptions in [Fi18, Theorems 1.5 and 6.7] removed: Theorem 4.1. Let K be either the rational number field Q or the real number field R. Let (X/S, B + M) be a generalized log canonical pair over a quasi-projective scheme S such that M is a K >0 -linear combination of nef Cartier divisors over S. If W is generalized log canonical center of (X/S, B + M) and W ν its normalization, then there is a generalized lc pair
where ι : W ν → W ֒→ X is the composition. Moreover, if W is a minimal generalized lc center, then (W ν /S, B ι + M ι ) is generalized klt.
Proof. Let f : Y → X be a Q-factorial dlt modification of (X/S, B + M), so that (Y, B Y ) is Q-factorial dlt and every f -exceptional divisor has coefficient 1 in B Y . Let V be a generalized lc center of (Y /S, B + M) that is minimal with respect to inclusion under the condition f (V ) = W . Then V is normal, and there is morphism g : 
By construction, we have K V + B f,V + M f,V = f * (K X + B X + M X )| V and hence K V + B f,V + M f,V ∼ K,g 0. Now Corollary 1.2 implies that there is a generalized lc pair (W ν /S, B ι + M ι ) such that
By construction, we necessarily have
If W is a minimal generalized lc center, then (V /S, B f + M f ) is generalized klt and it follows that (W ν /S, B ι + M ι ) is also generalized klt by Corollary 1.2. Theorem 4.2. Let (X/S, B+M) be a generalized log canonical pair (resp. generalized klt pair) over a quasi-projective scheme S such that M is an R >0 -linear combination of b-Cartier divisors that are b-nef over S. If −(K X + B X + M X ) is nef and there is a projective surjective morphism f : X → Y onto a normal variety Y over S, then there is a generalized log canonical pair (resp. generalized klt pair) (Y, B f + M f ) with Q-coefficients such that K Y + B f,Y + M f,Y ∼ Q,S 0. In particular, if Y is Q-Gorestein then −K Y is pseudo-effective over S.
Proof. Replacing (X, B + M) by its Q-factorial dlt modification, we may assume that X is Q-factorial klt.
By Proposition 2.7, there exist finitely many numbers a k ∈ R >0 and QCartier nef/S Q-divisors N k on X such that 
